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Outline

- history

- methods and algorithms

- program organization, program units

- force fields

- examples

- some tricks of the trade
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Molecular Dynamics
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1957: Alder en Wainwright

Molecular dynamics simulation of the 3d system of hard spheres

Solid phase, 32 particles

1964: Rahman

Molecular dynamics simulation of liquid Argon with Lennard-Jones 

potential

Historical Background



5

Molecular Dynamics
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Very simple in principle: solution of classical Newton equations!
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Problems, N particles

1) Interactions with the walls

- difficult to describe

- influence of walls for small systems

3) Time discretisation of Newton equations

- conservation laws (energy, momenta)

- naive discretisation does not work

2) Infinite range of the interactions

- problem for large systems: ???? interactions ???

N(N-1)/2
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1) Periodic Boundary Conditions

 no more walls, like in the infinite system
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2) Potential cut-off

 less CPU time
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shifted Lennard-Jones potential
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Euler integration

Consider the general first-order o.d.e. ( , )y f x y =

We chose equally spaced grid-points 0nx x nh= +

Approximation of the solution 1 ( , )n n n ny y f x y h+ = +

The local  error
2

1 ( , ) ( )n n n ny y f x y h O h+ = + +

to integrate over an interval of order unity requires            steps 1( )O h−

The global error
1 2( ) ( ) ( )O h O h O h−  =

First-order method !
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3) Verlet method
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 very bad method!
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How to reduce the level of errors introduced into the integration? 

+

velocity is step behind!
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velocity Verlet method
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1. Firstly, the new positions are calculated

2. Velocities at the mid-step are computed

3. The new forces and new accelerations are computed

4. The velocity move is completed
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Errors

n=2 3

n=3 6

n=4 10

n=5 15

n=6 ??

n ??

/T n t n T t=  → = 
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Phase Space

1 1, , ; , ,N N →r r p p Γ phase space, dimension: 6N

( )A Γ physical property

( ) ( ,..., ) ( ,..., )H T U= +1 N 1 NΓ p p r r Hamiltonian = energy

int

1

1 1
( )

N

B i

i

P Nk T
V D =

 
= +  

 
Γ r F pressure

2

1

2

1 1

2 2

1
( )

=

= =

 =





n
i

K B

i i

i

iB i

p
E D k T

N m

p
T

NDk m
Γ

kinetic energy per particle 

temperature 

equipartition

obs

obs

obs time 0time
obs

1
( ( )) lim ( ( ))

t

t
A A A t A t dt

t→
= = = Γ Γ

macroscopic

observable



15

Ensembles

( ) ( ( ) )NVE H E  −Γ Γ microcanonical ensemble

( ( ) )d H E = −
Γ

Γ Γ partition function

ensemble

1
( ) ( )NVEA d A=

 
Γ

Γ Γ Γ ensemble-

averaged

ensemble time
A A= “ergodicity”

( ) exp( ( ) / )NVT BH k T  −Γ Γ canonical ensemble

Bexp( ( ) / )Q d H k T= −
Γ

Γ Γ partition function

ensemble, canonic ensemble,microcanonic

1
( ) ( )NVTA d A A

Q
= =

Γ

Γ Γ Γ

all statististical 

ensembles equiv.

in thermodyn. limit
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N=const

V=const

T=const



Molecular Dynamics

For each atom in every molecule, we need:

• Position (r)

• Momentum (m + v)

• Forces (m + a)

• Thermostat
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Typical program organization

• INPUT: parameters that specify the conditions of the run

(e.g., initial temperature, number of particles, density, time step).

• INITIALIZATION: initial positions and velocities.

DO LOOP

• Compute forces on all particles.

• Integrate Newton’s equations of motion.

ENDDO

• ANALYSIS: Compute the averages of measured quantities.
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Initialization

- place each particle on a cubic lattice;

- give random velocities according to some distribution.

- shift velocities so that the velocity of the center of mass is zero

- scale the resulting velocities to adjust the mean kinetic energy
to the desired value.
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Initialization

Compute velocity center of mass:

Compute kinetic energy: 

Set velocity center of mass to zero:
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Compute Forces
12 6
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- calculate forces using Lennard-Jones potential

- update forces on molecules i,j

- update potential energy, 
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Physical units in simulations

•  length

• m mass

•  energy

• time

 (m/)1/2

• temperature

/kB
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Initial data for simulations

• lattice size (boxsize)

• number of particles (Npart < 2000)

• integration time interval =  tmax-tmin

• time step size (dt) = 0.005
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How Long? How Large?

Simulation runs are typically short: Trun ~103-106 MD steps, 

corresponding to perhaps a few nanoseconds of real time

Consider variable a, <a>= 0; 

time correlation function <a(t0)a(t0 + t)>; 

assuming that the system is in equilibrium, this function is 

independent of the choice of time origin and may be written 

as <a(0)a(t)>. 

It will decay from an initial value <a(0)a(0)> to a long-time 

limiting value at t >> τrelaxation which one??

( ) ( )lim 0 (0) ( ) 0
t

a a t a a t
→

 =  =

Trun >> τrelaxation
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Similarly, define a spatial correlation function <a(0)a(r)> 

relating values computed at different points r apart.

This function decays from a short-range nonzero value to 

zero over a characteristic distance ξa, the correlation length.

It is essential for simulation box sizes L to be large compared 

with ξa. Only then can we guarantee that reliably-sampled 

statistical properties are obtained.

Lbox>> ξa

rcutoff < Lbox/2
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Hy = Ey

F = ma

exp(-E/kT)

domain

quantum
chemistry

MD

Monte Carlo

mesoscale continuum

What and Where: Scales in Simulations

Length scale

10-10 M 10-8 M 10-6 M 10-4 M

10-12 S

10-8 S

10-6 S
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The Force Field

intermolecular

interactions

intramolecular

nonbonded

torsional

bond stretch

valence angle

bend
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• Bonded neighbours

• Non-bonded atoms (either other atoms in the same 
molecule, or atoms from different molecules)

( ) bonded non bondedV R E E −= +
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Non-Bonded Atoms

• van der Waals Potential

• Electrostatic Potential

non bonded vdW CoulombE E E− = +
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van der Waals Potential

• Neutral atoms attract each other at short 

distances;

• Once the atoms are close enough to have 

overlapping electron clouds, they will repel 

each other.
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van der Waals Potential

12 6
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Electrostatic Potential

• Opposite charges attract;

• Like charges repel;

• The force of the attraction is inversely 

proportional to the square of the distance

i j

Coulomb

i j ij

q q
E

Dr

= 
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Bonded Atoms

• Stretching the bond

• Bending the angle between bonds

• Rotating around bonds

bonded bond stretch angle bend rotationE E E E− −= + +
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Bond Length (stretching) Potential

2

0

1,2

1
( )

2
bond stretch b

pairs

E K b b− = −

spring constant and the equilibrium

bond length are dependent on the

atoms involved.
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Bond Angle (bending) Potential

2

0

1
( )

2
angle bend

angles

E K  − = −
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Torsional Potential

Described by a dihedral 

angle and coefficient of 

symmetry (n=1,2,3), 

around the middle 

bond.

1,4

1
(1 cos( ))

2
rotate along bond

pairs

E K n − − = −
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Vstretch = 
1
2
 kij(rij – r

0
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2
 kijkl(1- cosnijkl) 

VLJ = Aijrij
-12
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qiqj

rij
  

 

V(r) = Vstretch + Vbend + Vtor + VLJ + VCoulomb 

 

Fpot, The Force Field

( )pot V= −F r
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Mechanical rejuvenation

Polystyrene
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T << Tg
PS:
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Thermostat
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(scaling of velocities method)
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Verlet neighbour list

it is time-consuming!

Since atoms move within one time step only < 0.1 – 0.2 Å, 

the neighbours remain the same for many time steps

do i=1,N

do j=1,N

if(i = = j) cycle

dx  = x(j)-x(i)

dy  = y(j)-y(i)

dz  = z(j)-z(i)

rsq = dx*dx + dy*dy + dz*dz

r   = sqrt(rsq)

enddo

enddo
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Verlet  neighbour list

verlet cutr r = + 
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Verlet neighbour list

• Updating neighbour lists

- typical update frequency ~ 10-20 steps

• Correcting for error

- Some fraction of potential energy is always    
ignored – add correction
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Implementation 
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Autocorrelation functions

time correlation function:

if A=B – autocorrelation function: ( ) (0) ( )AAC t A A t=

( ) (0) ( )ABC t A B t=

(0) ( ) ( ) (0)A B t A t B= −

2(0)AAC A=

normalization:

2

22

(0) ( )
( )AA

A A t A
C t

A A

−
=

−

(0) 1AAC =

( ) 0AAC t =  =
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Time correlation function may be evaluated as a time

average, assuming the system is ergodic –

the phase space average is equal to a time average

0

1
( ) lim ( ) ( )

T t

AA
T

C t d A A t
T t

  
−

→
= +

− 

molecular dynamics simulations:

phase space trajectory is determined at discrete time steps,

the integral is expressed as a sum 

1

1
( ) ( ) ( ), 0,1,2...,

N k

AA k k j c
j

C k t A t A t k N
N k

−

+

=

 = =
−



N – total number of time steps

t – time step

Nc << N
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time

A
C

F

1

0

exp(-t/)


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Practical realization

tNti+1tit1 t3t2

time

a(tN)a(t1) a(ti)

ACF=<a(0)a(t)>

t
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equidistant time intervals

How many terms exist in order to

calculate this point?
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Example: Orientational mobility

= − 2

2
( ) 3 / 2( (0) ( )) 1 / 2P t tb b

(polycarbonate)

b

b



MD Simulation exercise
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- N particles, in 3 D

- Basic Verlet algorithm

- Force-field: full Lennard-Jones potential

-  = 1

-  = 1
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